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An effective rotational viscosity of vertical alignment (homeotropic) nematic liquid
crystal (NLC) cells with negative dielectric anisotropy is derived from a theory of
NLCs in which flow effects under the free-slip boundary condition are taken into
account. The effective rotational viscosity is a function of the Leslie viscosity coeffi-
cients and is much smaller than the rotational viscosity at the initial stage of the
director reorientation induced by external electric field to the NLC cells. This is
the origin of fast response of vertical alignment of NLC cells.

Keywords Effective rotational viscosity; flow effects; negative dielectric
anisotropy; nematic liquid crystal; vertical alignment

Introduction

Fast electrooptic response of vertical alignment nematic liquid crystal (VA-NLC)
displays has recently attracted much industrial attention [1]. We have investigated
flow effects on the electric-field-induced director reorientation in homeotropic
NLC cells with negative dielectric anisotropy (De< 0, where De¼ e==� e? is the
dielectric anisotropy of NLCs, e== and e? being the dielectric constants parallel
and normal to the director, respectively) from the analysis of the transient current
due to the director rotation induced by step voltage excitation, and have found that
the flow effects under the free-slip boundary condition for fluid flow much reduce
the response time of VA-NLC displays [2,3].

There are five independent Leslie viscosity coefficients ai (i¼ 1, 2, . . . , 5) in NLCs
[4–8]. Although the response time of NLC cells is governed only by the rotational
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viscosity c1¼ a3� a2 in case where the flow effects on the director rotation are negligible
[9–11], the flow effects significantly affect the director rotation in homeotropic NLC
cells with De< 0 [2,3]; the response time of homeotropic NLC cells is governed not only
by c1 but also by the other Leslie viscosity coefficients of NLCs with De< 0.

In this paper, we first derive a director dependent effective rotational viscosity of
homeotropic NLC cells with De< 0 using the Ericksen-Leslie theory for coupled reori-
entation and fluid flow of NLCs. We then numerically examine the value of the effec-
tive rotational viscosity of homeotropic NLCs with De< 0 as a function of the tilt
angle of the director and compare the value of the effective rotational viscosity with
that of the rotational viscosity to show fast response in VA-NLC displays.

Theory

In general, The coupling between the orientation motion of the director and fluid
flow is described using the continuity equation, the linear momentum equation,
and the angular momentum equation (the Ericksen-Leslie equations), according to
the continuum theory of Ericksen and Leslie [4–8]. We have applied these equations
to the problem of one-dimensional distortion of the director in a homeotropic NLC
cell along the z-axis, which is perpendicular to the electrode surfaces of the NLC cells
and is in the direction of an applied electric field [2]. The NLC slab is confined
between two parallel electrodes located at z¼ 0 and L. In this geometry, the director
n in the homeotropic NLC cell is expressed as (sin h, 0, cos h), where h is the tilt angle
between the director and the z-axis. The fluid velocity v at position z and time t has
the x-component vx(z, t) only, because the z-component is zero owing to the
continuity equation (div v¼ 0), and because the y-component vanishes owing to
the symmetry of the distortion. The linear momentum equation and the angular
momentum equation in the homeotropic NLC cell have thus been reduced to

aðhÞ @vxðz; tÞ
@z

þ bðhÞ @hðz; tÞ
@t

¼ rðtÞ; ð1Þ

c1
@hðz; tÞ

@t
¼ �bðhÞ @vxðz; tÞ

@z
þ gðhÞ @

2hðz; tÞ
@z2

þ 1

2

dgðhÞ
dh

@hðz; tÞ
@z

� �2

� 1

2
e0DeE

2ðz; tÞ sin 2hðz; tÞ; ð2Þ

respectively [2], where r(t) is an integration constant with respect to z, eo is the dielec-
tric permittivity of vacuum, E(z, t) is the z-component of the electric field, and

aðhÞ ¼ a1 sin
2 hðz; tÞ cos2 hðz; tÞ

þ 1

2
½�c2 cos 2hðz; tÞ þ a3 þ a4 þ a5�; ð3Þ

bðhÞ ¼ 1

2
½c2 cos 2hðz; tÞ � c1�; ð4Þ

gðhÞ ¼ K11 sin
2 hðz; tÞ þ K33 cos

2 hðz; tÞ; ð5Þ
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where K11 and K33 are the splay and bend elastic constants of the NLC, respectively.
c1¼ a3� a2 denotes the rotational viscosity and c2¼ a3þ a2.

Discussion

In the absence of flow (vx¼ 0), the angular momentum equation [Eq. (1)] becomes

c1
@hðz; tÞ

@t
¼ gðhÞ @

2hðz; tÞ
@z2

þ 1

2

dgðhÞ
dh

@hðz; tÞ
@z

� �2

� 1

2
e0DeE

2ðz; tÞ sin 2hðz; tÞ: ð6Þ

It is found from Eq. (6) that the director response is governed only by c1 among
five independent Leslie viscosity coefficients and becomes faster with decreasing
c1 in case where the flow effects on the director reorientation are negligible. This
is the case of homogeneous NLC cells with positive dielectric anisotropy (De> 0)
[3]. However, the director reorientation in homeotropic NLC cells with De< 0
is significantly influenced by the flow of NLCs [2,3], and hence, Eq. (6) can not
be applied to the analysis of the director reorientation process in homeotropic
NLC cells with De< 0.

We have shown in our previous paper [2] that the appropriate boundary
condition for fluid flow on the field-induced director response in homeotropic
NLC cells with De< 0 is the free-slip boundary condition, which means that
NLC molecules move freely on the electrodes and which corresponds to r(t)¼ 0
in Eq. (1). From Eq. (1) under the free-slip boundary condition and Eq. (2),
we have

c�1ðhÞ
@hðz; tÞ

@t
¼ gðhÞ @

2hðz; tÞ
@z2

þ 1

2

dgðhÞ
dh

@hðz; tÞ
@z

� �2

� 1

2
e0DeE

2ðz; tÞ sin 2hðz; tÞ; ð7Þ

which is identical with Eq. (6) except that c1 is replaced by

c�1ðhÞ ¼ c1 �
b2ðhÞ
aðhÞ : ð8Þ

We call c�1ðhÞ the effective rotational viscosity, which is dependent of h. It should be
noted that c�1ðhÞ contains five independent Leslie viscosity coefficients. The second
term in Eq. (8) reflects the effects of flow. We find from Eq. (7) that the director
response in homeotropic NLC cells with De< 0 is governed by c�1ðhÞ and becomes
faster with decreasing c�1ðhÞ. Equation (8) has been also derived from the
Ericksen-Leslie equations but under different conditions and sample geometry that
the periodicity of flow velocity and director fields was taken into account in
nuclear-magnetic-resonance tubes containing NLC polymers [12].

Figure 1 shows the dependence of c�1ðhÞ on h calculated using the values of
the Leslie viscosity coefficients of 4-methoxybenzylidene-40-n-butylaniline (MBBA)
with De< 0 at 293K (a1¼�0.0215 Pa s, a2¼�0.153 Pa s, a3¼�0.001 Pa s, and
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a4þ a5¼ 0.217 Pa s) [13]. We see that c�1ðhÞ is much smaller than c1 at smaller values
of h. c�1ðhÞ becomes larger with increasing h and eventually is equal to c1. The result
in Figure 1 shows that the director in homeotropic NLC cells with De< 0 responses
quickly at the initial stage of the director reorientation process. This is consistent
with our earlier findings that the electric-field-induced director rotation in homeotro-
pic NLC cells with De< 0 is accelerated by fluid flow under the free-slip boundary
condition at the initial stage of the director reorientation process and the flow
velocity becomes smaller as the director rotates [3]. It is important to note that
fast response in VA-NLC displays is understood from the polar-angle dependence
of c�1ðhÞ.

We have shown that the complete set of the Leslie viscosity coefficients is
determined from the analysis of transient current induced by step-voltage appli-
cation to VA-NLC cells [14]. We have also shown that the director reorientation
in VA-NLC cells subject to external electric field is not solely determined by c1 (other
Leslie viscosity coefficients control the director reorientation as well) [15]. The
polar-angle dependence of c�1ðhÞ as shown in Figure 1, calculated from the complete
set of the Leslie viscosity coefficients, may give us information concerning the
response speed of director reorientation in VA-NLC cells. Such information would
be valuable for the development of new NLC materials with De< 0.

Conclusions

We have derived the effective rotational viscosity c�1ðhÞ of homeotropic NLC cells
with De< 0 from the Ericksen-Leslie equations for coupled director orientation
and fluid flow under the free-slip boundary condition. c�1ðhÞ contains five Leslie
viscosity coefficients. It is found that the response time of homeotropic NLC cells
with De< 0 reduces with decreasing c�1ðhÞ. We note that c�1ðhÞ becomes much smaller
than c1 as h decreases. c�1ðhÞ is an important quantity for understanding faster
electrooptic response in VA-NLC displays and for the development of new NLC
materials with De< 0.

Figure 1. Dependence of an effective rotational viscosity c�1 of a homeotropic NLC cell on the
polar angle of the director h calculated using the Leslie viscosity coefficients of MBBA [13]
with De< 0.
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